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Abstract. In this paper, we investigate minimizing properties of the 
map x/||a;|| from the Euclidean unit ball B n to its boundary S n_1 , for the 
weighted energy functionals Ep >a {u) — J B „ |a;|| Q || Vtt|| p da;. We establish 

the following induction principle: if the map -m^tt : B n+1 — > S n minimizes 

ll 3 - ll 

Ep^ 1 among the maps u : B n+1 — > S n satisfying u(x) — x on 
then the map : B" — > minimizes Ep^ a+1 among the maps 

v : B" -> S"- 1 satisfying v{y) = y on S™" 1 . 

This result enables us to enlarge the range of values of p and a for 
which x/||a;|| minimizes Ep >a . 



1. Introduction and statement of main results 

Let B n be the unit Euclidean ball of W 1 and § n_1 its bourdary. For 
any couple (a,p) of real numbers, with a > and p > 1, we define the 
r a -weighted p-energy functional of a map n : B n — ► § n_1 by 



This functional is nothing but the p-energy functional associated with the 
Riemannian metric r a ( n ~p) g euc on the ball B n , where g euc is the Euclidean 
metric, the sphere § n_1 being endowed with its standard metric. The func- 
tional Ep a is to be considered on the Sobolev space 

W^' p (B n ,§ n ~ 1 ) ={u£ Pv' 1 ' p ((B n r a ( n - p )(7 euc ),lR n ); \\u\\ = la.e}. 

The question is to know which map minimizes E PjCC among the maps in 
Wa ,p (B n ,S n - 1 ) satisfying u(x) = x on S™" 1 . 

Following the arguments of Hildebrant, Kaul and Widman the map 
is a natural candidate to be the minimizer of E£ a , for p £ [1, n + a) 

(notice that x/\\x\\ E Wa ,p (B n , S n ~ r ) if and only if p < n + a). 

The minimality of was first established for the 2-energy functional 

E% ■= E^Q by Jager and Kaul Jl] in dimension n > 7, then by Brezis, 
Coron and Lieb [2] in dimension 3. Coron and Gulliver [3| actually proved 
the minimality of for the p-energy functional E™ := E^q for any 

integer p G {1, • • • , n — 1} and any dimension n > 3. An alternative proof 
using the null Lagrangian method (or calibration method) of this last result 
was obtained by Lin ^S] and Avellaneda and Lin p^. 

Hardt and Lin |H] and Hardt, Lin and Wang [SJ developed the 
study of the singularities of p-harmonic and p-minimizing maps and obtained 
results extending those of Schoen and Uhlenbelck |161 117j . A consequence 
of their results is the minimality of for EL 1 for any p € (n — l,n). 
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Finally, Hong |12j and Wang ^S] have proved independently the minimality 
of x/||x|| for Ep in dimension n > 7 for any p <n — 2\/n — 1. 

In order to close the question of the i?™-minimality of £/||x|| for the 
remaining values of p, Hong ^3] suggested a new idea. Indeed, he observed 
that, for any p G (2,n), the minimality of £/||x|| f° r follows from the 
minimality of £/||x|| for the r 2_p -weighted 2-energy E^-p- Unfortunately, 
we have proved in a previous paper [3], the existence of an interval of values 
of p G (1, n — 1) for which the map f &us to be a minimizer of -E 1 ^ 2-p- 

Nevertheless, we proved that minimizes the r a -weighted p-energy Ep a 

for any a > and any integer p < n — 1. Actually, we obtained in [I] the 
minimality of for more general weighted p-energy functionals of the 

form E^ j(n) = J Bn /(||x||)||Vu|| p dx, where p < n — 1 is an integer and 
/ : [0, 1] — > M + is a continuous non-decreasing function. 

Our aim in this paper is to show that the minimizing properties of 
in dimension n and n + 1 are not independent. Indeed, we will prove that, 
for any p G [l,n + a + l), if x/||x|| minimizes the r Q -weighted p-energy EpJ^ 1 
in dimension n+1, then it also minimizes the r a+1 -weighted p-energy Ep a+1 
in dimension n. 

Theorem 1. Let n > 2 be an integer, a > be a real number and p G 
[l,n + a + 1). If the map : B n+1 ^ § n minimizes the r a -weighted p- 

energy Epj^ 1 among the maps u G WV P (B n+1 , §"') satisfying u{x) = x on 
§ ra , then the map A- : B n i— ► § n_1 minimizes the r a+1 -weighted p- energy 

Ep a+1 among the maps v G W^+i(B n , S™" 1 ) satisfying v(y) = y on S n_1 . 

The proof of this theorem relies on a construction which associates to 
each map u : B" — > S n_1 such that = y on S n ~ 1 , a map u : B n+1 — » S n 
such that tt(x) = «(x) in B n x {0} and = x on the unit sphere § n , in 
such a way that, if uq is the map defined in B n by u$(y) = A, then uq is 

exactly the map defined on B™ +1 by uo(x) = A. The energy £7™ + (u) of 
u is estimated above in terms of the energy Ep a+l (u) of u and the equality 
holds in the estimate for the map uq = A. 

Thanks to Theorem ^ and the minimality results mentioned above, we 
deduce the following : 

Corollary 1. The map y/||y|| minimizes Ep Q among the maps in Wa' p (B n ,S n - 1 ) 
which coincide with y/\\y\\ on S n_1 in the following cases : 

i) a G N and p E (n + a — 1, n + a), 

ii) a > (5 and p is an integer in {1, • • • , n + (3 — 1} ; for any real number 
(3> 0. 

Hi) a G N, n + a > 7 and p < n + a — 2\Jn + a — 1, 

1.1. Construction of u and proof of Theorem 1.1. Let B n+1 and S n be 
the unit open ball and the unit sphere of M n+1 and let B n and S n_1 be the 
unit open ball and the unit sphere of W 1 that we identify with the subspace 
W 1 = W 1 x {0} in M n+1 . Moreover, we write x = (x\, ■ ■ ■ , x n , a vector 

of y = (yi, • • • , y n ) a vector of W 1 , (., .) the standard metric of M n+1 

and (ei, • • • , e n , e n+ \) the standard basis of R n+1 . 



MINIMALITY OF x/\\x\\ 

Let II n be the projection defined by : 

n n : B n+1 — ► B n 

(xi, , x n _(-i) ► (xi, , x n , 0) = (xi, , x n ). 

Consider the map 9?„ defined on 5 n \IRe n+ i by <p n (x) = ||n"(^)|| ■ 
We define the map u defined by 



„ : B" +1 — ► B 



n 



X X 

x — > (e„ + i,-— n -)e n+ i + ((p n (x), iri r)u(\\x\\(p n (x)). 

X X 



Lemma 1. For any x £ B n+1 , ||Vu(x)|| 2 = + || Vit(||x||</? n ( 

Proof. For any i € {1, ■ ■ ■ , n}, we have 

(n w (x),ej) / 1 _ ||n n ( x 

|x|| Vll n n( x )ll ll x 

(e n+ i,x)(x,ej) 



xllll 2 . 



dM(x). ei = ( T^T^T ~ ) "(INIM*)) 



UII3 " e «+! 



+ d«(||x|| yw (x))Y { ^ (z y (z) + e, - ^^^^ 



and, 



cfu(x).e n+ i = - ^"i^p^ e »+i ~ ^y^ip^ II^^IKdkllynCx)) 

+ {S ^ 2 X) du(\\x\\ Vn (x)).U n (x). 

Since ||u(x)|| 2 = 1, one has (du(x).h,u(x)) = for any h € R n . Hence, for 
any z £ {1, • • • , n}, we have, 

1 1 j — / \ |,2 (U n (x),ej} 2 ( 1 ||n w (x)|| y (e w+i ,x) 2 (x,ej) 2 

" dU[X) - 6tl1 ~ ||*|| 2 Vl|nn(x)|| ||X|| 2 J + ||X||6 

+ du(\\x\\ip n (x)).( (n n (x),e i )( F - I 2 - iiT-r 7 Mi 2 ) n "( x ) + e '- 



«*).e„ +1 || 2 = w U- i£! ^)% i£! ^#lin n (x) 



+ < ^,;f >2 ||du(||x||y tt (x)).n B (x)|| 2 . 



Finally, we have, 



||VH(x)|| 2 = ^ + ||V U (||x||^(x))|| 2 . 



Let x n+ i be a real number in (0, 1), consider the set A Xn+1 = {x n+ \e n+ \ + 
e^ +1 )nB n+1 \Re n+1 , where &n + i is the orthogonal subspace to Me n+ i for 



4 



JEAN-CHRISTOPHE BOURGOIN 



(.,.). Let 6 be the map : 

9:A Xn+1 — C Xn+1 ={yGR n ;|| 2 /||>K +1 |} 
x = (xi,--- ,x n+ i) — ► ||x||<^ n (x) =y = (yi,--- ,y n ). 

Lemma 2. For any y G R n ; £/ie Jacobian determinant of O^ 1 is : 



2 Jl 



X, 



n+1 



re— 2 
2 



1 71-2 



Proof For any i G {1, • • • , n} and for any x £ Ar n+1 , 

./,/ x / 1 INI \ (n„(x),ei) ||x|| 

d0(x).e; = I - ||TT 7 , ||2 llTT , rn n n (x + 

Vl|x|| ||n n (x)|| 2 y ||n n (x)|| ||n n (x 

Let us set, for any % G {1, • • • , n}, 

Aj = 1 77-77 — tt^t, ) ^ |. ei> and a 



\ x \\ ||n„(x)||V l|n n || l|n„(x)||- 

Hence, for any i € {1, ■ ■ ■ , n}, 

d6(x).ei = Ajll n (x) + aei. 

Then, for any x G , 

Jac(9)(x) = det(AiII n (x) + aei, A 2 n n (x) + ae 2 , • • • , A n il n (x) + ae n ) 

n 

= y^det(Qei, • ■ ■ ,aei-i,XiILn(x),ae i+ i,--- , ae n ) + a n det(ei, • • • ,e n ) 



7=1 



= 1 A i det(ei,--- ,ei_i,n n (x),ej +1 ,--- ,e„) + a n , 

7=1 

where det is the determinant in the basis (ei, ■ • ■ , e n+ i). 



* n ~ l [ t4 - TtJ^U^ + a n = ft n-2_ 



|x|| ||n n (x)||V ||n n (x 



Therefore, we have 

jacmw " n ~ 2 ll » 11 "- 2 



|n„(*)||»- m? . xl+l} 

We deduce that, 

(IMI 2 -^ + i) 



Jac{6- l )(y) 



n-2 
2 



|n-2 



MINIMALITY OF x/||x|| 

Lemma 3. For any x € B n+1 , we have, 



( \\x\\ a \\Vu(x)\\ p dxi---dx n+ i < n p/2 1 f ^ dx 1 ■ ■ ■ dx n+1 

jb"+! jb™+! Iff 

+2(1 -l/nf-^W^ [ ||y|r +1 ||Vn(y)||^y, 

7T 

where W n -\ = J 2 (cos(7)) n_1 d^ . 

Proof. Writing i+||Vu(||x|K(x))|| 2 = I(n^) + (l-I)(^||Vn(||x||^(x))|| 2 ) 

II II II II n 

P 

and using that x — > x? is a convex map, for any p £ [1, n + a + 1), we have, 



l|V-(.r)r ( J_ + ||Vn(||x||^(x))|| 2 



p/2 



- nP/2_1 ^r + (1 " V^^IIVudixKCx))!!'. 



Hence, 



/ \\x\\ a \\Vu(x)\\ p dxi- ■ ■ dx n+ i < n p/2 1 / HxFf^— jptZxi ■ ■ ■ dx n+i 
Jb"+! Jb^ 1 IfF 

+(1 - 1/n ) 1 "P/ 2 / ||x|| a ||Vu(||x||^ n (x))|| p dxi • • • dx, 



< n p l 2 - x [ ||x|| a ^ 7 (ixi---dx n+ i 



1+1 



X P 



+ 2(l-l/n) 1 - p / 2 f 1 dx n+1 I \\x\\ a \\Vu(\\x\\<p n (xWdx 1 ---dx n . 
J o Jb" 

Using the change of variables y = 6{x) and Lemma 1.2 we get, 

/ ||x|| Q ||Vu(x)Fdxi ■ ■ -dxn+i < n p l 2 ~ x \ — — dx\ ■ ■ ■ dx n+1 
J-Bn+i Jb^ 1 IFF 

ra-2 

+ 2(l-l/n) 1 ^/ 2 /dx n+1 / (llyl|2 ~|'f+ l) 2 bir||V«(y)||^ r --^ 

Jo Jc^ 1 \\y\\ 

I \\x\\ a \\Vu(x)\\ p dx 1 ---dx n+1 < n p/2 ' 1 j — — — dxi ■ ■ ■ dx n+1 

J B n + l J B n+l \\X\\P 01 

+ 2(1 -1/n) 1 ^ 2 Jj\y\\lVu(y)\\ p ^ yl1 ' dx n ^dy. 

But we have, 

n— 2 n—2 

Jo {-^^) dXn+1 = L dXn+1 

= f IblKl - t 2 )^dt = \\y\\ r'lco^Y-fy. 
Jo JO 
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Let us set W n -i = {cosj) 11 - 1 dj . Then, we have the inequality, 
f \\x\\ a \\Vu(x)\\Pdx 1 ---dx n+1 < rf' 2 ' 1 I T ^—dx 1 ---dx n+1 

+ 2(l-l/n) 1 -P/ 2 W n _i [ ||y|r +1 ||Vu(y)Fdy. 

JB" 

Lemma 4. Let T be the Gamma function defined by, 

T{x)= / t x - l e- l dt. 
Jo 

We have, 

r(^±i) _ 



W n _ r 



r(S) 



Proof From the equality T(x + 1) = xT(x) for any x G (0, +oo), we have, 
if n = 2/, where / G N, 

rf 2Z + 1 = 2^2/^3 _ _ _ 311 

1 2 j 2 2 22 V 

and 

2i 2/-221-4 2 

V 2 ; 2 2 2 K ' 

Moreover we have, 

(2« — 2)(2Z — 4) ■ ■ ■ 2 



(2Z - 1)(2Z - 3) • • • 3.1 
then, 

r ("2 



1 r(f ) 2 • 



If n = 2/ + 1 where I £ N, we obtain, 



and 



We deduce that 



2i + 2 2/2^-2 2 
v 2 2 2 2 

8 + 1 ) = 2£-l 31 1 

v 2 ; 2 22 V 



_ (2Z - 1)(2Z — 3) - •• 3.1 vr 
2i ~ (2Z)(2Z - 2) - • • 2 "2 ' 



-p/22+2 

1 2 



7T 

V 

21- 



Proof of Theorem 1.1. Suppose that uq is a minimizer map of E Pj(X . 

n+l p 

Since the measure of S n is |S n | = 2 ""n+T\ an d since ||Vuo||(x) = fr?r, by 

i(— ~— ) \\ x \\ 



MINIMALITY OF x/||x|| 7 
1 'P Can Kn-1\ c , 0+ : f, r : Tlrr „,(.,\ _ „, sn-1 



Lemma 1.3, for any map u £ 

^o+i^-S" ) satisfying = y on S™ , 
we have, 



rW 2 2vr^ 
n + l + a-pr(^) 



= / ||^iri|Vuo(x)|| p (ia;i • • • dx n+ i 

< / \\x\\ a \\Vu{x)\\ p dx 1 ---dx n+l 
Jb™+ 1 

- nP/2_1 / n 7T— - dx! ■ ■ ■ dx n+1 
7 B n + l \\x\\p 

+2(l-l/n) 1 -f/ 2 W n _! / ||y|| a+1 V«(j/)f 

JB" 



1 rW 2 2*^ 
< - 



nn+l+ a -pT(^) 

+ 2W n _i(l--)(-^)P/ 2 / ||y|r +1 ||V«(y)||^. 
n n — l Jgn 



Then we have, 
2W n 



L l\( n \ p/2 f Bn \\y\\ a+1 \\Vu(y)\\Pdy > rW 2 2tt^ 
V \n-l) f Bn \\y\\ a+1 \\V^\\Pdy ~ n+l|a- P r(f) 



n+l+a-pT{%) 



(n-l)P/ 2 2vrt V " 



By Lemma 1.4 we finally get, 

/ |Mr +1 ||Vu(y)fdy> / Hyll^HV^II^y 
Jb" Jb" 112/11 
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